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Abstract In this paper, we are concerned with interior differentiability of weak solutions
u to nonlinear parabolic systems with natural growth and coefficients uniformly mono-
tone in Du. Making use of estimates of Gagliardo—Nirenberg’s type in generalized Sobolev
spaces, we show that u belongs to L2(—a, 0, H2(B(o), RM) N Hl(—a, 0, L2(B(a), ]RN))
(see Theorem 3).
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1 Introduction

Let 2 be an open bounded subset of R” (n > 2) of generic point x = (x1, x2, ..., X,) and
let Q be the cylinder Q2 x (—7,0) (0 < T < +400).
Let us consider a weak solution u = (uy,ua,...,uy) € L*>(~=T,0, H'(2,RV))N

C%*(Q, RN) (N positive integer, 0 < A < 1) to the second order nonlinear parabolic system
of variational type with quadratic growth!

n

: 9
— > Dia' (X, u, Du) + a—': — B%(X. u, Du) (1
i=1

! For notation and symbols we refer to [2]. In particular, if u: Q — RN, we shall write Du = (Dju|
Daul--+|Duu), D; = 5.
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in the sense that

/ [Z(ai(X,u,DuﬂDi(p)— (u‘a(p)]dX
0 P at
=/(BO(X,u,Du)|<p)dX, Vo € C(0,RY), )
0

where X = (x,1) and a'(X,u, p),i = 1,2,...,n, and BY(X, u, p) are vectors of RV
defined on A = Q x RN x R"™™ measurable in X, continuous in (u, p) and satisfying the
following conditions:

(i) There exist two positive constants M (K ) and v(K) such that 2

la(X,u, p) —a(X,u,p)l = M(K)|p— Pl

((l(X,M, p) —a(X,M,ﬁ)‘p _?) > V(K)”p _ﬁ“z

forall (X,u) € Q xRN, with |u|| < K, and all p,p € R"N;
1
(ii) Foreveryx € Q, y € B (x, —dx) (dy = dist({x}, 9Q)), t € (=T, 0), u,v € RY

/2

with ul, |v] < K., p € R*™N one has

la(X,u, p)I = MK)A+lpID,

la(x,t,u, p) —a(y,t,v, p)I| < M(K)(lx =yl + [l — DA+ I pID;
(iii) For every (X, u, p) € A with ||u|| < K, one has
IB(X, u, p)Il < M(K)(1 + [Ip]1%).

For many years an open problem has been the following:
Under the above assumptions, show that the weak solutions

ueLl*(-T,0, H' (Q.RY) nCc**(Q,RY)
to system (1) are locally differentiable, namely
u € L*(=a,0, H*(B(0),R")) N H'(=a, 0, L*(B(c). RY))

for each cube B30) = B(x*,30) = {x e R" : |x; —x?| <30, i = 1,2,...,n} CC Q
and Va € (0, T).

A partial answer to this question was given by Fattorusso [3] (see also [2]), who proved
the following result:

For each cube B(c) CC B(og) CC Q2and each a,b € (0, T), witha < b, for the weak
solutions to system (1), we have:

ueL*(—a,0, HP(B(o),RY)), V8 €(0,1), 3)

2aX,u,p) =@ X,u,p)--la"(X,u, p)) € R"N.
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and the following estimate’

0 0
2 2
/_a |Dul} pydt < c [/—b |t pog)dt + 1]
holds.

From this result, we can derive that the weak solutions u of system (1) belong to the space
L*(—a, 0, H*(B(c), RN)), once we are able to show the further regularity result:

Diu € L*(B(0) x (=a,0),RY), i=1,2,...,n.
We justify our claim, by making two remarks.

() Ifu € L>(=T,0, H'(Q,RY)) n C%*(Q,RY), 0 < A < 1, is a solution of system (2)
and if hypotheses (i), (ii), and (iii) hold, then the following inequality holds true (see
(3.8) of [3]):

1
v “m
= / dr / w2 o, |1 7.0 Due||*dix
2J-p B((0+300)/4)
_1
<cv, K, o, ao,a,b,n)hz/ dt/ (1 + || Du||®)dx
—b B(o0)
_1
e, K) / di / V202 i pue | DulPdx
—b B((o+300)/4)

_1
+¢(K) / padt / (L+ IDul®) T, —n (W27 pu) ldx, (4
—b B((c+700)/8)

where B(0) CC B(og) CC R, a,b € (0,T) witha < b, h € R with || < 27,
ieNwithl <i <n, 4pv(X) =v(x £ he', 1) — v(X), ¥ (x) is a real function of
class Cg°(R") having the following properties:

. o + 0y . o + 309
0<vy <1, wzlmB( ) 1#:01n]R”\B(74 )
1Dyl < 5
o) — O
3If1 <r <00,0<® <landm =0,1,2, ..., we shall set
1/r 1/r
' lu(x) — u)ll” ) / o
u = dx ————dy . lu = D" dx ,
lorg ( Lo O e = { [ M;m 1Dl
m 1/r 1/r
llmro =2 g  llmsorg=[lull, o+ > D%, ol -
k=0 |la|=m
For the sake of simplicity we shall write: | - |9.Q, | - |m, @ I = lm,0> | - llmto,q instead of | - [y 2 o,
n

. 2 2
| w22 | Im2.9s Il - lmss,2.9. respectively, and |Dulfy o = > |Djulj o
i=1
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and p,, (¢), m integer > 2/a, is the real function defined onto R by setting:

pm@) =1 if —a<t<-2/m,
pm(@) =0 ift>—1/mandt < —b, (6)
t+b
,om(t):i if —b<t<-—a
b—a
pm@)=—mt+1) if —2/m<t<—1/m.
It is now clear that from (4) we can deduce:

u € L*(—a,0, H*(B(o),RY)) )

if we are able to estimate the last two integrals of the right-hand side by means of the
Holder inequality. This is possible if we know that

Du € L*(B(og) x (—b, 0), R"V). 8)

(jj) The following result, due to Nirenberg [13], is well known:
If u € H>(Q,RY)NCO**(Q,RY), with Q cube of R”, N positive integer and
0 < A < 1, then there exist two constants c¢; and ¢ (depending on €2 and 1) such
that*

|Dulo p.a < c1l D*ulf 5 gluly § + calulrq. ©)

h 1 1+ 1 2 (1 )AV . l—kl 5
where — = —-+al-——-) -1 —a)—,Va — 1)
p n 2 n n 2—A

1—Ax )
1), we get

1
Then, choosi =-€|—F,
en, choosing a > [2 —

Du € L5 (Q, R"™N)

and

1 1
L1
Duly s o = ctlD?ulg 5 olul} o + c2lulig

with 4’3 > 4, therefore Du € L*(Q2, R"™Y).

n—2A

Now, if an inequality analogous to (9) is true for u € H? (@, RV N CO*(Q, RY), with
¥, A €]0, 1[, then, for ¥ and a suitably chosen, we could also deduce from this estimate that

Du e L*(Q,R™)

and hence to obtain, thanks also to the differentiability result (3), for the solutions
u e LY%(-T,0, H/(Q,R)) N C%*(Q,RN) of system (2), the regularity result (8), from
which we can derive (7).

Then, the problem of seeing if the Gagliardo—Nirenberg inequalities (9) are true in the
generalized Sobolev spaces arises. We will present a positive answer to this question (see
Theorem 2).

4 D2u = (Dyju) = (D Dju,i, j=1,2,...,n; [uly.q = sup Nluo) = w)l-
' g Ilx—yI*
x,yeQ
xF#y
5 Making use of this theorem, we proved in [9] that the solutions u € L2(—T, 0, HZ(Q, RN))HCO*)‘(E, RN)
of system (1) belong to Hl(—T, 0, Lz(Q,RN)) and, hence, the partial Holder continuity of Dju, i =
1,2,...,n,in Q.
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Remark 1 Condition (8) is guaranteed by Naumann [11], foru € L2(—=T,0, H'(2,RV)) N
Cc%*(0, R"N) solution to system (2), provided that A €] %, 1[.

Remark 2 In the paper [12] the authors deal with the parabolic system
“ ou
—> " Did' (Du) + e B%(Du)
i=1

and show thatif u € L2(—=T,0, H (Q, R¥) N CO*(Q, RN),0 < A < 1, is a weak solution
of this system, then

Du € LS, (0, R"™Y)

A
4§0<4(1+7).
n

Remark 3 We recall that the partial-Holder continuity of the solutions
ue L2=T,0, H/(Q,RY) N L®(Q,RY) to system (1), under the so-called “smallness
condition”

with

2M sup |lul| < v
0

has been proved in the paper [4] (see also [5-7]).

Remark 4 In [8], the authors prove the interior differentiability result (7) gssuming that

i = . 3a' 3d' dd’
a'(X,u, p) € C'(Q x RN x R"V) and that some growth conditions on a', —, —, -,
ax, Jduy apli

i,j,r=1,....,n,k=1,..., N, are fulfilled.

2 Gagliardo—Nirenberg estimates in generalized Sobolev spaces

We recall the following Gagliardo—Nirenberg result (see [10, 13]).

Theorem 1 Let N be a positive integer and let Q2 be an open bounded subset of R", with the
cone property. If

ue W, RN o, RY)

withm integer > 2, 1 <r < oo, s integer > 0,0 < A < 1, s < m — 1, then, for each integer
jwiths + A < j < m, there exist two constants c1 and cy (depending on 2, m, r, s, A, j)
such that

Jex| o|=s

1 j 1 A i — A
Wher€*=i+a(f—ﬂ)—(l—a)7s+ ,Vae[w 1)_
p n n n

a 1—a
max |D%ulo p o < c1 (max |D“u|0,,,g) (max[D“u],\,Q) + ¢ max[D%ul; q,
ol = lal=m = |

r m—(s+2x1)’

This interpolation result has been extended by Marino and Maugeri in the paper [8] to the
case of generalized Sobolev spaces. More precisely, the authors proved the following result:
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Theorem 2 Let N be a positive integer and let Q2 be an open bounded subset of R", with the
cone property. If

u e Wt RNy n M, RY)

with m integer > 1,0 < 9 < 1, 1 <r < oo, s integer > 0,0 < A < 1, s < m, then, for
each j withmax{s + A, m+ 9 — 2} < j < m + 0, one has

ueWiHrQ,RrRY)
and there exists a constant ¢ (depending on 2, m, 9, r, s, A, j, n, a) such that

1—
lalljp < s ot g av:

1 j 1 s A j — A
where—:i—l—a f—g —(l—a)s+ , Va € ﬁ,l with
P n r n n m+v—(s+A)
(1 —a)(s + A) + a(m + V) noninteger.

As a special case of Theorem 2 one gets:

Corollary 1 Let N be a positive integer and let 2 be an open bounded subset of R", with
the cone property. If

ue H'T(Q,RY) n (@, RY)
with) <9 < 1land0 < A < 1, then
uewhr(Q,rY)
and there exists a constant ¢ (depending on 2, ¥, A, n, a) such that

1—
”u”],p,Q S c”u”?Jﬂ?yQ”u”Coj(Q‘RNy

1 1 1 140 A 1—2
where — = —4+a|l-——)—-(0—-a)—,YVae | ——,1).
p n 2 n n 1+9 —A
In particular, if 1 — A < O < 1, then setting a = % we get:

ue whrQ, rY

and there exists a constant ¢ (depending on 2, ¥, A, n) such that

1 1
il po < ellullfyy ol o g -

8W+Xr—1)
h =44+ —— (> 4.
where p +n—2(ﬁ+A—1)(> )

For the reader’s convenience we briefly recall the proof of Theorem 2 (see [8] for details).
It is well known that ([14,15]) the generalized Sobolev space Wt (@, RV) is equal to
the Besov space B//t” (@, R") and that

M@, RY) = BT (@, RY).

Hence, the hypothesis u € W77 (Q, RY) N C5*(Q2, RY) is equivalent to

ue B (Q,RY) N B (@, RY). 10)
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Now, for each a € (0, 1), we have

B (@, RY) N B (@, RY) € (BiA(@.RY), B (2, RY))

a

=B} (2. R") (11)

and

1—a
v < clv||* v
10153, 0,23 = <NVl o 10U vy

(12)
Yo e B (Q,RY) N BSTA (Q.RY),
1 a
where h = (1 —a)(s + A) +a(m +9), — = —.
r
In particular, from (10)—(12), it follows that
h N
uqu’q(Q,R ) (13)
and that
1—
Il @) < s g g 10y (14)

Next, fix j € (max {s +A,m4+0 — ﬁ} ,m—+ 19), and consider (13) and (14) for a €
r

j — A
[%’ l) with (1 — a)(s + 1) 4+ a(m + ¥) noninteger. For such values of a,
1 j 1 s A
setting — = Iz +a (7 - &) —(1 —a)s + , it results
p n r n n
l<g<p<oo, 0<j<h<oo, h_z:j_ﬁ
q p
and
B} (. RY) =w"1(Q RY) c WP, RY) (15)

with algebraic and topological inclusion. From (13)—(15) the assertion follows.

3 Differentiability of the solutions to system (1)

Letu € L2(—T, 0, HI(Q,RN)) N CO'A(E, RM), 0 < A < 1, be a solution to system
(1). Suppose that assumptions (i), (ii), and (iii) are fulfilled. From Theorem 2.III of [3],
VB(p) CC B(og) CC ,Vb, b* € (0, T), with b* < b, we obtain

u € L*(=b,0, H' (B(09), RY)) N C®*(Q,RY), ¥ € (0,1)

and the following estimate holds

0 0
/b |Du|§,3()0)dt S C(]}, K7 U7 07 )\'v P, 00, b, b*7 i’l) [1 +/b |u|%,3(0’0)dt] '6 (16)

u(X) —u@)|

s x
X,YE@ d (X, Y)
X#Y

6 K =supul,U = lul, g = , where d(X, Y) is the parabolic metric:
0 .

d(X,Y) = max {Hx — 9yl 1= z|1/2}, X=0,0, ¥Y=0,1).
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Hence, fora.e.t € (—b, 0), u(x, 1) belongs to H'™? (B(ag), R¥N)NC%*(B(0p), RY) with
A
#=1-=¢€(,]1).
5 €0.D

From Corollary 1 we get, for a.e. t € (—b,0), u(x,t) € WL4(B(0p), RY) and, for each
p € (0, op], it results

A

4 2 2
||u||1,4,3(p) <c,p, n)”u”lq.ﬁ,B(p)”u”Co,A(B(p)’]RN)v v=1- )
from which it follows

0l 4.y < €K U pom) {10l gy + 100l (17)

Then we deduce

0
4 2
/_b ||u||17473(00)df = C”””cOA(E’RN)/

0
2
b ||“”1+19,B(ao)dt

namely Du € L*(B(op) x (=b, 0), R™Y) (see (8)).
Now we are able to prove the following

Theorem 3 [fu € L>(—T,0, H'(Q2,RY)) N C**(Q,RY), 0 < A < 1, is a solution to sys-
tem (1), if assumptions (i), (ii), and (iii) hold, then, VB(c) CC B(og) CC ,Va,b € (0, T),
a < b, one has

ueL*(—a,0, H*(B(o),RV) N H'(=a,0, L>*(B(c),RY))

and the following estimate holds

0 2
/ luly gy +
—da

We give an outline of the proof.’ First, we recall the following two lemmas.

2

9 0
u dr <c(v, K, U,k,a,ao,a,b,n)[1+/ |u|% B((,O)dt].
0,B(c) b ’

ot

Lemmal Ifv € LP(—b*, —c, H"?(B(p),RY)), 0 < ¢ < b*, 1 < p < 400, then, for
eacht € (0, 1) and |h| < (1 — 7)p, we have

—C —C
/ dt/ lzinvlPdx < |h|p/ dt/ ID;v||Pdx, i=1,2,...,n.
—b* B(zp) —b* B(p)

Lemma2 Ifv € L?(—a, 0, L*(B(0g), R"™)), a, 0,00 > 0, 0 < 00, and if there exists a
real number M > 0 such that

0
/ dt/ lzipv|?dx < |*?M, VIh| <op—o0, i=1,2,....n
—a B(o)
thenv € L?*(—a, 0, H (B(o), R™)) and the following estimate holds
0
/ dt/ IDiv|?dx <M, i=1,2,...,n, (18)
—a B(o)

where T; pv(x, 1) = v(x +hel,)—v(x,0),i=1,2,...,n and {ei}i:I,Z,,..,n is the canonic
base of R".

7 The elliptic version of this result is stated in [1].
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Proof of Theorem 3 Fix B(o) CC B(op) CC 2, a,b € (0, T) witha < b,and i € N with

. a
1 <i<n,setb* =

and denote by ¥ (x) and p,, () the functions defined in (5) and
(6). Then there exists a real number Ay(v, K, U, A, n) > 0 such that, for each 4 € R, with

. o) — O .
|h| < min (ho, OT), it results

1
) “m
- dr 2p2 ||t Dul|*d
2/ /B(a+;oo)‘” o2 i DulPdx
_1
2 " 2
§c(v,K,o,ao,a,b,n)|h|/ dt/ (14 | Dull”) dx
—b* B(00)
_1
+e(, K) / dr / ey Vool P Dudx
—b* B( 40)

_1
+e(K) / pydi / oy (T IDUlP) Iz p PP pwllde. (19)
b (™)

In this estimate the crucial terms are the last two integrals of the right-hand side. The term

1
e(K) / b:" pmdt / (e )( +1Dul®) 17, 5 lldx
- 8

can be estimated in the following way:

o) [ "okt [ (0 IDUR) o
_p* ( . )

1 172
o 2
< c(K)(/ p,%ldt/ o ik (1 + ||Du||2) dx)
—b* B( g 0)
1 12
"oy - 2 2
(/7" / 125, (01 ) |2 (20)
(/—b* " B(52)

7 1
once one knows that Du € L* (B (0 +8 00) X (—b*, —*) SRV ).
m

We just proved this fact and from (20), making use of Lemma 1, we get, Ve > 0

¢(K) / Tt [ (1 IDUIR) P
b B(=5)
_1

& m
< Zi / P2t / i, (92 ) P
2 _p* mn B(a+870 ) b !

_1
+c(K,s)|h|2/ " p,zndt/ ) (1 + 1Du|?)’ dx
b B(T)

1

m

Ty
< 0 dt/ W2t Dul*dx
/47* " B("*j ) "
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1

veoo ol [ " ghar [ iDulas
o PH g

_1
+c(1<,e>|h|2/ ' p,idr/ 1+ [ Dufl*) dx. @1
—b* 3(4(’*8700) ( )

Setting ¢ = z, from (21) we deduce

_1
c(K) / Pt / s (L 1DulP) 17— (P ) e
—b* B( 80)
1

< E/_'" p,%,dt/ 2|7, Du ) dx
4 _p* B(a+: )

1
2
+c(v, K, 0,00, n)|h| /_b* (1 + Julf Bog) T lu |1 4B(o+700))dt

and, by virtue of (17)

¢(K) / g [ (U D) o0
b B( . )

1
v “m
<~ / dr / o Yo I DuPdx
4 _p* B(6+450)

1
+C(Ua Kv Uv )"a o, 00, n)|h|2/ 1 + |u|%,B(0()) + |DM|2 A o+7oq dt’
_pr 1-5.8(752)
(22)

which is the desidered estimate of the last term of the right-hand side of (19).
Using (22) and taking into account the meaning of ¥ and p,;,, (19) becomes

2
/ ! dz/ ItinDul?dx < c(v, K, U, A, 0, 00, a, b, n)|h|?
B(o)

) 1 2 Dul*
/_b*( +1uli pog) t | ”'1_373(%)))&
e, K) / ar / ||r,hu|| | Duldx,
b*

from which, letting m — oo, yields

0
/dt/ Vs Dull2dx < (v, K, U, %, 0, 00, @, b, )]
—a B(o)

0
2
[ oo )]

0
e, K) / dr / s el Dul2dx. 23)
_p¥ B(UJron) !
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It remains to consider the integral

0
dt/ |z pue]|*|| Due || *dx.
/—b* B(Lj”o) l

Using the Holder inequality and thanks to Lemma 1 (with p = 4) and (17), we obtain

/ ar / e 2| Dul?dx
b*
1/2 0
5(/ dt/ o ||r,,hu||4dx) (/ dt/ o ||Du||4dx)
—b* B 2‘0 —b* B( 40)
1/2 0
< |n)? / dt/ ||Du||4dx / dt/ | Dul||*dx
b —p B(Lj”o)

2 4 2
e [ |u|1’4,3(g+87%)dz < ¢(K. U, 2 0. 0p. ml

0
./_b* (1 +|u|i b(zgm) +|Du|1 N B((,”(,O))dt‘ (24)

Now, from (23) and (24), we get

1/2

172

0
/ dl/ 1z Dull*dx < c¢(v, K, U, %, 0, 09, a, b, n)|h|?
—a B(o)

0
1 2 Dul|?
(10 (07 e ]

from which, by (16) (with & = 1 — % and 0 = “+7”°) we deduce, for each integer i,
1 <i <n,and each |h| < min (ho, 8_‘7) ,

0 0
/ dt/ lzin Dul*dx < c(v, K, U, 1, 0, Go,a,b,n)|h|2[l +/ Ju|3 B(Uo)dt}.
—a B(o) —b ’

The last estimate (obviously true also for min (ho, 209

Nirenberg’s Lemma 2, provide

) < |h| < 09 — o), combined with

Du € L*(—a, 0, H (B(c), R*V))

and

0 0
/ |u|%73(0)dt 5 C(U, K7 U7 )"a o, 00,4, b7 n) [1 +/b |u|%,B(g0)dt] .
—a —

It remains to show that u € H'(—a, 0, L2(B(c), RV)) and the following estimate holds:

0
L
—a B(o)

314 2 0 2
‘EH dx §c[1+/_b |u|LB(UO)dz]. (25)
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Taking into account that (see [3], n. 3) B%(X,u, Du), Dia'(X,u, Du) € L*(B(0)
x (—a,0),RY), i = 1,2,...,n, and that, for each ¢ € Ci°(B(o) x (—a,0), RYM), one

has
0 890 0 n )

/ dt/ (u —) dx:—/ dt/ BO(X,u,Du)—i-ZDial(X,M,DM) @ Jdx
—a B(o) ot —a B(o)

i=1

we get

glt‘ € L*(B(o) x (—a, 0), RM).

Finally, estimate (25) is true by virtue of the inequalities

0 0
/ dt/ I1BY(X, u, Du)|*dx < c(K) dt/ (1 + | Du|*) dx,
—a B(o) —a B(o)

0 n
/ df/ > IDid' (X, u, Dw)|*dx < ¢(v, K, 7,00, a,b,n)
a B(o) i—1

0
1+/ dt/ | Du*dx
e Ja(em)

and thanks to (17) and (16). ]
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